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Constraint Optimization

Maximize a function f : R? — R, (x,y) + f(x,y) under the consideration of the
constraint g(x,y) =0.

Following the curve defined by g(x,y) =0, we pass contour lines of f. A common
point (x,y) can only be a solution of the optimization problem, if our motion is
tangential to f at (x,y). Otherwise, the function value could be easily increased by
moving forward or backward without violating the constraint.

Therefore, the gradients should be arranged in parallel at the maximum, i.e.
Vf(x,y)+AVg(x,y) =0

with a so-called Lagrange multiplier A.



Constrained System

We consider a system of N particles at positions q,...,qy with masses my,..., my and
k holonomic constraints, i.e. for [ €{1,...,k}:

oi(t) = lara(0) — s (1)|* - &7 = 0,

and equations of motions

K
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An appropriate time integration scheme is given by
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for i €{1,..., N}, in which the q;'s denote the uncorrected positions.



Lagrange Multiplier

We have to determine the Lagrange multiplier A, such that the constraints are
fulfilled at time t 4+ At. This leads to the system of non-linear equations
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with k unknown Lagrange multipliers X = (Al,...,Ak)T.

The system can be solved with Newton's method
A O Z e (e 4 At)

with & = (071,...,04)" and Jacobi matrix J.



The Jacobi matrix J given by
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usually has a sparse block structure.

For A(® =0, the situation can be simplified to
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Position Update

After each iteration we have to update the uncorrected positions according to

k
Qi(t+At) — &(t+ AL+ ) 1i9q.0.
=1

Then we set A =0 and repeat the whole procedure until a sufficient small error is
achieved.



SHAKE and RATTLE Algorithms

In the SHAKE algorithm, see [Andersen 1983], the non-linear constraint equations are
solved using the GauB-Seidel method approximating the linear system

A=-J 6
with Newton’s method. The requires a linear runtime O(k) per iteration.

Combining the SHAKE algorithm with a Verlet time integration scheme, we obtain the
RATTLE algorithm, see [Ryckaert 1977].



Molecular Dynamics (MD)

Figure : Example scenario of distance rj;, angle 0, and torsional angle y;j in the case of a
trans configuration illustrated using an ethanol molecule.



MD Potentials

A molecular dynamics potential V is typically written as the sum of distinct potentials
V=Vg+Va+Vr+ Vi
where the covalent bond potential Vg is given by a simple harmonic potential
kg.
Vg = Z (i =7y)"
(ij)eB
the angle potential Vj is expressed as
K. _
: ijk 2
Va = Z — (O = Oji)",
(i.j,k)eA

the torsional potential V4 is written as
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MD Potentials

Finally, the non-bonded Lennard-Jones and Coulomb potential is expressed as
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These potentials are parameterized by the harmonic bending constants kBU, the initial

distances 7j;, the angular constants kA the initial angles 5,],(, the torsional constants
kT:k/ and phase shifts o, the well- depth € and finite distance values oj; of the
Lennard-Jones potential, see [Lennard-Jones 1924].



