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1. BELTRAMI IDENTITY

First we recall the standard Euler-Lagrangian equation 0;L = d:(9¢L). With an additional 9:L = 0 given to us, we aim to
reformulate the equation. Given this knowledge, we know that

di L = (04L)q + (04L)G + (9: L) = (94 L)g + (04L)q.
(9qL)q = diL — (94L)§
By multiplying both sides of the Euler-Lagrangian equation by ¢, moving all terms to the left side, then subsituting in the above
equality, we get
(0L)q — di(9qL)¢ = (di L — (94L)§) — de(04L)¢ = 0
Using the rearranged product rule d¢(uv) — u(d¢v) = (deu)v with u = 94L and v = ¢, we can further simplify this equality by
(deL — (94L)§) — de(94L)¢ = de L — (94L)G — (de((94L)q) — (04L)q)

=diL — di((95L)q)

=di(L — (04L)q) =0
Therefore, by integrating both sides by ¢, we obtain

L — (04L)¢ = ¢ for some constant c.

2. SHORTEST PATH

We can take advantage of the proof of the Euler Lagrangian already shown in class, where the extremal f:,f Ld; is obtained when
9,L = d(8;L), and generalize it to find the shortest path. Given a path « : [t;,t;] — R?, the length of the path is given by

ty
/ VI (@)2dt
ti
And the extremal (minimal) value is obtained when 0oL = d:(04 L) with L(a, &,t) = y/1 4 (&)?. Expanding the terms gives us
)

&
0= 8aL = dt(aaL) = dt(m
And integrating both sides by ¢ gives us
e
V14 (&)?

C(l+a)?=a’

A =01-ca?

Cc =

c2

T ¢ for some constant ¢ € [—1,1]
—c

Note that when we take the square root in the last step, we do not consider the case of the negative sign, as from the first equation
we know that & and c are of the same sign.Therefore, the shortest path will be the curve with a constant tangent, which is a straight
line.

3. Soar FiLm

The area of the surface generated by rotating (z,y(x)) along the z axis is given by

Ay, 4,1) = / 1T @) de

And we wish to find the minimal surface, where this area is minimized. We observe that A is not explicitly dependent on time, and
thus using the simplified Euler-Lagrangian as shown in exercise 1 with L = A, we obtain

o 5 v @ yty@)® —y@)? y _
di(L = (04L)q) = di(y~/1 + () = (y,)Q) di( T 0" di(— n (y)2) 0
y ¥’ — (1)
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From this we can obtain two system of solutions in the form of a separable first order ordinary differential equation,
1 . 1 -1 . 1
——¢g=—and ——y = —

() a Y= () a

By rewriting this as \/ﬁdy = :I: d:c we can integrate both sides and get

log(vy? — (c1)* +y) +c2 = icﬁ
1
=logea(vy? — (a1)? +y)) =
se(ViE— ()2 +y) =@
=>Vy?—(a)?= Czei% -y
=97 = (c1)? = ()2 — 26T FTy 4/
:>26i%y = (c1)2 + (cz)QeiQ%
1 x =
=y = 5((61)262':% + ((:2)26i °1)

(Note that ¢z here simply represents some constant, so for brevity, we slightly abuse notation and change the value ¢z corresponds
to throughout our calculations.)So for the soap film to be a minimal surface, y(z) has to satisfy
1 €T

_ oz @ 1 @ _ =z
V= ST 4 (@) ory = H((er) et +(e)e )

4. HiIGHER ORDER EULER-LAGRANGIAN
Using notation from the derivation of the Euler-Lagrangian, dependent up to the first derivative, we see that
KTy (n) K ~ [ (1)
d€/t L6 qd™, D)t = /t (0sL)ar dt + Z/t (O, D)oVt
i i i=1 @
For each partial derivative of order k, we can perform partial integration k times, getting

tf tf
/ Qg0 L) dt = (8q<k>L)a<k71)|zif 7/ di (9,00 L)a* "Vt
¢ t

K i

ty
= (9,00 L)a* 1 — (9,00 L)a* 2] — / (de)* (D0 L) "~ dt)
t

i

k ) ) ty
=N Gy a4 1 [ @ 00 D
i=1 t

And if we assume constraints for the higher order derivatives of a(t), similar to the first order case, with
a(k)|if =0forallk=0...n—1,
then the summation term goes away, and we are left with

ty . tf n tf .
de / L(‘L 67 ey qN(n)7 t)dt = / (851')06 dt + Z/ (8§(i)L)a(z)dt
t; t i=1"7t

i

= /tf (&;L)a dt + i (*1)2‘ /tf (dt)i(aq(nL)a dt

i

t
:/ ((05L) +Z Y0y L)) dt
t

=Of0rallaate—0.

This gives us the generalized form of the Euler-Lagrangian, with
(0qL) + Z dt) q( aL) =10

5. BRACHISTOCHRONE PROBLEM

Similar to the solution to Exercise 3, we can see that the shape of the curve (z,y(z)) should satisfy the equation

. 1 1L+ (y')?
do(L — (83L)) = 0 where L = —— |~ W )"
+( (94L)¢) = 0 where NoT )
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From this we get

0

_ L@ (v)* = L 1 -
V29 y VA+)?Dy V29Vt y)?)
Which leads to

y(1+ (y')?) = ¢ for some constant ¢

Y

2
With separation of variables on 3’2 = ¢ T and the fact that we know 3’ < 0 due to the downwards motion of our particle as

caused by the direction of gravity, we know that

/ - 5 Y dy = x + di for some constant d;
Ve2—y

By evaluating the left hand side, first with a change of variables u = y/c? —y, dy = —2+/c? — y du

—/1/02{ydy:2/\/02—u2du

Ve2—y
c

Then with a change of variables v = sin™'(%) = sin™"(

), du = ccosv dv, we get

7/1/ﬁdy:2/\/627u2du:202/00521) dv:c2(v+sinvcosv)+d2:m+d1

Instead of substituting y back into this equation, we can directly see that
x = c*(v+sinvcosv) + (do — dy)
2 2
y=c cos“v

Furthermore, by trigonometric identities of a = 2v, we can get cosa = 2cos?v — 1 and sin o = 2 cos v sin v, leading to

2

T = %(oz+sinoz) + (d2 — di)
2

y = 5(1 + cos )

Rearrangement of the constants and variables r = %, d=dy —d1,0 =17+ « gives us

z=7r(0—sinf)+d—rr
y=r(l—cosf) —rm
While translating coordinates (so that the initial position is at the origin and not (d — rm, —rm)) gives us
x =r(f —sin0)
y=r(l—cosb)

6. TAUTOCHRONE PROBLEM

For notation consistency, we will first suppose r = —r from the previous problem.
From the laws of energy conservation in physics we get %mv2 + mgh = mgho in an ideal environment with zero initial velocity.
Translated into this problem, we get

v® = 2g(ho — h) = 2gr(cos @ — cos 0;), and v = /2gr(cos 6 — cos b;).

Now we know that the v = %, dt = % with [ being distance traveled or arc length covered, which in this case would be

dl = /(dex)? + (doy)? dO = \/r2(1 —c0s0)2 +r2sin® 0 df = \/r2(2 — 2cos ) db.

Upon integrating on both sides of dt = %, this gives us

B \/12(2 — 2 cosb) _ —r(1 — cos6)

B \/2gr(cos§ — cos ;) g(cos f; — cos )

Since we want to calculate the time 7" needed to move to the bottom of the curve, we see from y = r(1 — cos#) with r < 0 that the
minimal y within 6 € [0, 7] occurs at 7, so the limits of our integral should be expressed as

1 —cos6)
g(cos@; — cosb)
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To evaluate this integral, we first use the half angle rule cos = ,/HC#OS% and sinf = 4/ % to obtain

1 — cos6)
g(cos6; — cos )

=/,
_ = / (1 —cos) 2 a0
g Jo, 2 (cosB; — cosB)
V g Jo, 2\ (cos? G —cos? 5)

Substituting a = g, df = 2da into the integral, we get

—r [% . 1
T=24/— sina, | ——F————da

9 J% (cos? 71) — cos?

0

cos 3

And further substituting with v = <= da = —
cos 71

du, we get

sin o

T:2 l/ —COS@ %du
Vg /i 2\ (cos? F)(1 —u?)

—r [t 1

:2‘/7/ LI
g Jo | (1—vu?)
— 1

:21/—Tsin_1u‘
g 0

Which is

when we use r as defined in the previous problem.
We have thus shown that on a brachistochrone curve, the time it takes for a particle on the curve to reach the lowest point (via
laws of motion) is independent of its starting point. Therefore, the brachistochrone curve is a type of tautochrone curve.



